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Abstract
The Colle and Salvetti approach [Theoret. Chim. Acta, 37, 329 (1975)] to the calculation of
the correlation energy of a system is modified in order to explicitly include into the theory the
kinetic contribution to the correlation energy. This is achieved by deducing from a many
electrons wave function, including the correlation effects via a Jastrow factor, an approximate
expression of the one-electron reduced density matrix. Applying the latter to the
homogeneous electron gas, an analytic expression of the correlation kinetic energy is derived.
The total correlation energy of such a system is then deduced from its kinetic contribution
inverting a standard procedure. At variance of the original Colle-Salvetti theory, the
parameters entering in both the kinetic correlation and the total correlation energies are
determined analytically, leading to a satisfactory agreement with the results of Perdew and
Wang [Phys. Rev. B 45, 13244 (1992)]. The resulting (parameter-free) expressions give rise
to a modified-local-density approximation that can be used in self-consistent density-
functional calculations. We have performed such calculations for a large set of atoms and ions
and we have found results for the correlation energies and for the ionization potentials which
improve those of the standard local-density approximation.
Keywords: Density matrices, correlation energy functional, kinetic energy, uniform electron
gas.
2Introduction
The basic idea of the Colle-Salvetti (CS) approach for the calculation of the correlation
energy of many-electron systems is the following: from a correlated wave function, an
approximate two-electron reduced density matrix (2-RDM) is derived, which allows the
computation of the correlation energy [1]. The resulting 2-RDM takes the form of an
uncorrelated 2-RDM multiplied by a correlation factor [2]. As the uncorrelated 2-RDM is
taken to be the Hartree-Fock (HF) one, the CS correlation energy becomes a functional of the
HF one-electron reduced density matrix (1-RDM). It is further assumed that the correlation
effects on the 1-RDM can be neglected: as a consequence, the correlation kinetic energy is
assumed to be zero. The only contribution to the correlation energy comes from the electron-
electron potential energy, computed from the model 2-RDM. Nevertheless, the CS approach
allows accurate calculations of the correlation energies of atoms and small molecules. This is
achieved by a suitable determination of the only parameter involved in the final CS
expression. This parameter, generally indicated by q, is related to the size of the Coulomb-
correlation hole.
Because of both its simplicity and accuracy, the CS approach has received
considerable attention [3,4]. However, it has been shown [5-7] that it suffers from physical
inconsistencies, many of which result from an incorrect normalization of the correlated 2-
RDM.
As pointed out above, the CS approach neglects the kinetic part of the correlation
energy. In contrast, the analysis of the total correlation energy (Ec) of first and second-row
atoms reveals two dominant contributions [8], which arise from the correlation corrections to
the HF electron-pair potential energy ( eecV ) and to the HF kinetic energy (Tc). For such
systems, the correlation correction Tc is approximately half the magnitude of eecV . Thus,
imposing any parameterized form for eecV  to equal Ec amounts to underestimate the true 
ee
cV
by a factor of about 2. Such shortcomings are of little importance as long as one is interested
in estimating the whole correlation energy. However, as outlined by Singh and co-workers
[5]: “Although the CS correlation energies are often accurate and, in that sense pragmatic;
nonetheless, there remains the deeper question of whether or not the physics of the separate
components of the correlation energy are described correctly”.
The aim of this work is to show that the kinetic correlation energy can be accounted
for in a CS-like approach. Of course, many alternative ways of accessing the kinetic energy of
3correlation exists (see for example [9,10]). The present work focuses on the 1-RDM: one of
our purposes is to improve the understanding of the correlation effects on it.
The paper is organized as follows. After recalling some definitions (sect. I), we derive
an approximate expression for the correlated 1-RDM (sect. II). This approximate 1-RDM is
then applied to the UEG and analytic expressions of the kinetic and the total correlation
energies are worked out (sect. III). In the last section, we use the formulae derived for the
UEG in order to perform self-consistent calculations of correlation energies and ionization
potentials of several atoms. Atomic units are used throughout.
I. Definitions
Let xi denote the space and spin coordinates of the electron i. The 1- and 2-RDMs
derived from a many-electron wave function ψ are defined by [11,12]:
( ) ( ) ( ) NNN dxdxxxxxxxNxx ...,...,,',...,,'; 221*21111 ∫= ψψγ (1)
and
( ) ( ) ( ) ( ) NNN dxdxxxxxxxxxNNxxxx ...,...,,',',...,,,2
1
',';, 3321
*
32121212 ∫−= ψψγ (2)
respectively. Integrating (1) and (2) over the spin variables leads to the spinless RDMs:
( ) ( )[ ]∫ == 1'11111 11';'; dsxx ssγρ rr (3)
( ) ( )[ ]∫ === 21','212121212 2211',';,',';, dsdsxxxx ssssγρ rrrr (4)
For simplicity, the short notation «RDMs» will hereafter apply for the spinless matrices as
well. The diagonal elements of expressions (3) and (4) are the electron charge and pair
densities, respectively denoted by:
( ) ( )1111 ;rrr ρρ = (5)
( ) ( )2121221 ,;,, rrrrrr ρ=P (6)
Note that the definitions (1) and (2) imply the condition:
( ) ( )∫
−
= 221212111 ,';,1
2
'; rrrrrrr d
N
ρρ (7)
The electron-electron potential energy is given by:
( )∫= 21
12
21, rr
rr dd
r
PV ee (8)
where 2112 rr −=r .
4The RDMs derived from a single determinant can be expressed from the 1-RDM only
[12]. In particular:
( ) ( ) ( ) ( ) ( )[ ]';';';';
2
1
',';, 12121122111121212 xxxxxxxxxxxx
HFHFHFHFHF γγγγγ −= (9)
Thus, the HF pair density obtained from eq. (9) reads:
( ) ( ) ( ) ( ) ( )


−= 12121122111121 ,,2
1
,,
2
1
, rrrrrrrrrr HFHFHFHFHFP ρρρρ (10)
In the following, we shall call a “correlation quantity” the difference between the exact non-
relativistic quantity and the HF-approximated one. The electron-electron potential energy of
correlation is thus:
( ) ( )∫ −= 21
12
2121 ,, rr
rrrr dd
r
PPV
HF
ee
c (11)
We now turn to the kinetic energy of correlation, the definition of which is natural in
momentum space. First, we rewrite ( )'; 111 rrρ  in terms of center-of-mass and relative
coordinates, i.e. in its intracular-extracular representation [13]:
( ) ( )sRrr ,~'; 1111 ρρ = (12)
where R stands for (r + r’)/2 and s is the difference r - r’. The momentum density is defined
as
( ) ( ) ( )
( )
( ) ( )∫∫ ⋅−⋅ == sRsRrrrrp sprrp ddedden ii ,~21'';21 13'13 ρpiρpi (13)
Thus, ( )pn  is the Fourier transform of the so-called auto correlation function [14,15], which is
obtained by integrating ( )sR,~1ρ  with respect to the extracular coordinate:
( ) ( )∫= RsRs dB ,~1ρ (14)
so that, from eq. (13):
( ) ( )∫ ⋅−= pps sp denB i (15)
Note that from eqs. (5) and (12), we can derive a simple relation between the electron charge
density and the intracular-extracular representation of the spinless 1-RDM: ( ) ( )0RR ,~1ρρ ≡ .
This relation implies the following normalization condition:
( ) ( ) ( ) NddB === ∫∫ RRR0R0 ρρ ,~1 (16)
or conversely, from eq. (15):
( ) ( ) NdnB == ∫ pp0 (17)
5Thus, the condition ( ) NB =0  ensures a correct normalization of the one-electron
distributions. Next, using eq. (15), one can verify that:
( ) ( ) TdnpBs ==∇− ∫= pps 0s 221
2
2 (18)
which shows that the kinetic energy is entirely determined by the behavior of the auto-
correlation function near 0s =  [16]. The kinetic energy of correlation is then given by:
( ) ( )[ ] ( ) ( )
0s0s
ssppp
==
∇−∇−=−= ∫ HFssHFc BBdnnpT 222 21212 (19)
Moreover, for spherically symmetric systems, eq. (18) reduces to:
( )0
2
3 BT ′′−= (20)
This simple expression for the kinetic energy of a spherically symmetric system is a key
element in the present contribution. In the following, we derive a simple approximation for
the auto-correlation function of a correlated uniform electron gas near s = 0, which, in turn,
shall allow us to derive an analytical expression for the kinetic energy through eq. (20). To
achieve this aim, we first need an expression for the correlated 1-RDM.
II. Correlated reduced density matrices
The CS correlated ground-state wave function is written as [1,17]:
( ) ( ) ( )[ ]∏
<
−=
ji
jiN
HF
N fxxxx rr ,1,...,,..., 11 ψψ (21)
where ( )jif rr ,  correlates the electron pair (i, j) regardless of the spin coordinates of both
electrons, and HFψ  denotes the HF approximation to the ground-state wave function.
Assuming real functions ( )jif rr , , it is straightforward to show that 2ρ  can be written as
follows:
( )',';, 21212 rrrrρ (22)
( ) ( ) ( ) ( ) ( )[ ] ( )',';,',',',',1',';, 21212121212121212 rrrrrrrrrrrrrrrr RffffHF ++−−= ρ
where HF2ρ  is the HF 2-RDM and R includes all the terms for which HF2ρ  can not be
factorized out [18]. The CS model takes a truncated form of eq. (22):
( ) ( ) ( ) ( ) ( ) ( )[ ]',',',',1',';,',';, 212121212121221212 rrrrrrrrrrrrrrrr ffffHF +−−= ρρ (23)
as a starting point for the derivation of a correlation energy expression. Eq. (23) is exact for 2-
electron systems (to a normalization factor) but, for larger systems, it neglects the N-electron
6effects on the 2-RDM beyond the direct pair interactions. In this sense, the CS approach has a
close connection with the independent pair approximation (IPA), which is known to be
correct to first order in the correlation function f [19]. Moreover, it has been shown that the 2-
RDM, eq. (23), is not N-representable [20]. An important consequence of this is that the 1-
RDM derived from eq. (7) and eq. (23) differs from that obtained by putting in eq. (1) the
wave function defined in eq. (21). In fact, in the first case one has:
( ) ( )';'; 111111 rrrr HFρρ = (24)
( ) ( ) ( ) ( )[ ] ( )∫ +−−
−
+ 22121221212121 ,';,,',,',1
2
rrrrrrrrrrrrr dffff
N
HFρ
while in the second one the following expression is obtained [18]:
( ) ( )';'; 111111 rrrr HFρρ = (25)
( ) ( ) ( ) ( )[ ] ( ) ...,';,,',,',2 22121221212121 ++−−+ ∫ rrrrrrrrrrrrr dffff HFρ
The comparison of expressions (24) and (25) shows that the CS approximation to the 2-RDM
is not an appropriate starting point for the calculation of the correlated 1-RDM: it widely
underestimates the correlation effects on the 1-RDM and so, the kinetic part of the correlation.
It should be noted that neither the 2-RDMs, eqs. (22) and (23), nor the wave function
given in eq. (21) are normalized. Thus, the expression that we finally retain for the model
correlated 1-RDM is:
( ) ( ){ ';'; 111111 rrrr HFρρ 1=
( ) ( ) ( ) ( )[ ] ( ) }∫ +−−+ 22121221212121 ,';,,',,',2 rrrrrrrrrrrrr dffff HFρ (26)
where    is a normalization factor. This approximation of the 1-RDM includes some
electron correlation effects beyond the IPA and should provide a reasonable approximation
for a uniform electron gas, at least when the density is not too high (see the discussion in the
appendix).
7III. Modeling momentum-space properties of the uniform
electron gas
III.1 Approximate 1-matrix
Consider the case of a uniform electron gas (UEG), whose constant density ρ can be
related either to the Seitz radius rs or to the Fermi momentum kF:
2
3
3 34
3
pipi
ρ F
s
k
r
== (27)
The spinless 1-RDM solely depends on 'rr −=s  and, from eq. (14), is proportional to ( )sB .
A convenient normalization choice for the UEG is to set ( ) 10 =B . Using periodic boundary
conditions, the HF description of the UEG yields to [21]:
( ) ( ) ( )( )3
cossin3
sk
sksksk
sB
F
FFFHF −
= (28)
Such a function depends implicitly on ρ through kF, has a maximum at 0=s , and vanishes as
∞→s , while oscillating (see fig. 1). Now, the HF pair density of the UEG can be explicitly
stated as:
( ) ( )[ ] ( )122212212 2
1
2
11
2
1
rgrBrP HFHFHF ρρ =



−= (29)
The term in the curly brackets ( HFg ) is often referred to as the HF pair-distribution function.
It satisfies the normalization condition:
( )[ ] 11 1212 −=−∫ rdrg HFρ (30)
The HF approximation generates the so-called “exchange hole” around the position of any
reference electrons. This kind of correlation arises from the determinantal nature of the wave
function but does not include the correlation beyond the Pauli level.
The next step consists of including the Coulomb correlation by means of a Jastrow-
like correlation factor, which Colle and Salvetti formulated as:
( ) ( ) ( ) 212122
2
11, 121221
rce
rf RRrr β−

 


+Φ−= (31)
Such a correlation function has a cusp in 012 =r  and rapidly falls off as 12r  increases, because
of the gaussian term. In eq. (31), 12R  is the pair center-of-mass vector ( ) 2/2112 rrR +=  and
cβ  has the meaning of an inverse radius of the correlation hole. Colle and Salvetti assumed
8this radius to be proportional to rs , which amounts to assume ( ) ( )[ ] 311212 RR ρβ qc = , where q
is to be parameterized. In the case of a UEG, eq. (31) can be rewritten as:
( ) 2122
2
11 1212
rce
r
rf β−

 


+Φ−= (32)
where cβ  and Φ do not depend on 12R  but still depend on ρ or, equivalently, on sr . In order
to determine Φ, Colle and Salvetti assumed that ( ) ( )111111 ,, rrrr HFρρ = . This condition, which
is exact for the UEG, but not for atomic systems [5], is verified if the correction term to
( )111 ,rrHFρ  in eq. (24) does cancel, that is, if:
( ) ( ) ( ) ( )[ ] ( ) 0,;,,,,, 22121221212121 =+−−∫ rrrrrrrrrrrrr dffff HFρ  (33)
Using further approximations, they finally obtained:
( )c
c
βpi
βpi
+
=Φ
1
(34)
This expression ensures the correct asymptotic limits that we can expect for Φ, which varies
between 0 and 1 as cβ  (and therefore ρ) goes from 0 to infinity.
Since (34) is not the exact solution to (33), it is interesting to understand its exact
physical meaning. Consider, for instance, in eq. (24), the first-order correction term (in f) to
the Hartree-Fock 1-RDM:
( ) ( )[ ] ( )∫ + 2212122121 ,';,,', rrrrrrrrr dff HFρ (35)
The term ( )21212 ,';, rrrrHFρ  separates into two components:
( ) ( ) ( ) ( )


−=
′′ 211211
2
21212 2
1
2
1
,';, rBrBrB HFHFHFHF ρρ rrrr (36)
The first-order correlation correction term, given in eq. (35), can thus be rewritten as a sum of
two terms: a first-order Coulomb-correlation term:
( ) ( ) ( )[ ]∫ ′′ + 2211211221 rdrfrfrB HFρ (37)
and an exchange-correlation term:
( ) ( )[ ] ( ) ( )∫ ′′+− 221122112241 rdrBrBrfrf HFHFρ (38)
Imposing the first-order Coulomb-correlation term (37) to cancel yields to the condition:
( ) ( ) 0221212 == ∫∫ ′ rr drfdrf (39)
9Using (32), it can be verified that the condition (39) is satisfied if ( )cc βpiβpi +=Φ 1 : this
result is identical to that of CS. Thus, expression (34) implies that the first-order Coulomb-
correlation correction to the 1-RDM must cancel. For practical reasons, we shall make use of
the expression (34) in the following.
Incidentally, the CS approach is completed by assuming that:
( ) ( )';'; 111111 rrrr HFρρ = (40)
Such a condition might, at first, seem reasonable, since correlation effects on ( )'; 111 rrρ  are
known to be of “second order” while being of “first order” on the pair density [19,22].
However, as discussed above, condition (40) implies the kinetic correlation energy to be zero
and, thus, makes eecV  the only contribution to the correlation energy.
The damping by the gaussian function in eq. (32) suggests that a gaussian
approximation may be made to ( )sB HF , in the spirit of refs. [2, 23-25]. As we shall see now,
the gaussian approximation simplifies considerably the derivation of an analytical expression
for the correlation kinetic energy, while ensuring a correct normalization of ( )pn HF  together
with the exact value of the HF kinetic energy. For small s, ( )sB HF  behaves like
( ) 221 ssB xHF β−≈ , with 31ρβ xx C=  and ( ) 31221 310 pi−=xC . An appropriate gaussian
resummation is thus:
( ) 22sHFG xesB β−= (41)
The comparison of HFB  and HFGB  is shown in fig. 1. The gaussian approximation bypasses
the oscillations of ( )sB HF  at large s. However, since ( )sB HF  and ( )sB HFG  become identical at
small s, they result in identical kinetic energy expressions, from eq. (20).
Replacing now ( )sB HF  by ( )sB HFG  in eq. (29) leads to the approximate HF pair
density:
( ) 



−≈
−
2
12
222
12 2
11
2
1 rHF xerP βρ (42)
Such an approximation gives to 1−xβ  the meaning of an exchange hole radius. Notice that cβ
is proportional to xβ :
xxc Cqq βρβ == 31 (43)
Due to the gaussian approximation, the exchange part of the pair density, given in eq. (42), is
not properly normalized, which would require another parameterization of xβ  [21, 23]. The
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gaussian approximation in eq. (42) leads to an error of about 5% in the normalization
condition (30) of the pair distribution. The choice made here should however be appropriate
for the present purpose, since correlation effects on the pair density are expected to be
important near 012 =r  (at least when using the CS correlation functional).
As already mentioned, the calculation of the correlated kinetic energy requires the
knowledge of ( )sB  near 0=s . From eq. (26), we derive the expression for ( )sB :
( ) ( ) ( )[ ]sBsBsB CorrHF +=1 (44)
where the normalization factor is simply determined by the condition ( ) 10 =B  and the
correlation correction ( )sBCorr  can be written as:
( ) ( ) ( ) ( ) ( )[ ] ( )∫ ′′ +−−= 22121221122112 ,';,2 rrrrr drfrfrfrfsB HFCorr ρρ (45)
III.2 Correlation kinetic energy
Using eq. (41), one can replace ( )21212 ,';, rrrrHFρ  in eq. (45) by:
( ) 



−=



+−−
−
22
2
2
22 2
12
2
21212 2
1
2
1
,';,
s
sHF xx ee
Rr
rrrr
ββρρ (46)
where R and s have been defined in sect. I. Eq. (46) suggests the introduction of the new
variable RrR −= 2
~
. All the quantities appearing in eq. (45) can then be rewritten in terms of
the variables R~  and s. In order to calculate the kinetic energy, it is sufficient to consider a
second order development of the right member of eq. (44) (higher order terms give a
vanishing contribution). The integral (with respect to R~ ) is then easily performed by standard
mathematical software [26]. The subsequent use of eq. (20) yields to the following result for
the kinetic energy per electron:
( )
( )
( )[ ]
( )
( )[ ]
( )
( )[ ]
( )
( )[ ]


+
−
+
+
+
−
+
−
=
s
s
s
s
ssss
s
rqA
rqB
rqA
rqB
rqA
qB
rqAr
qB
r
B
Kqrt
20~
~
20~
~
4
31
20~
~
20~
~
~
,
5
2
2
4
2
32
2
1
pi
(47)
In the expression above, xCqq =~ , K and 1B  are the following numerical constants:
802
3
6
5
6
1
3
1
pi
=K (48a)
pi2361 =B (48b)
11
and A and iB  (i = 2,…,5) are functions of  q~  given by:
( ) ( ) qqA ~253~ 6532 pi= (48c)
( ) ( )( ) ( )[ ]( ) 272
2222
2
2~
2~2~3~1~2~351600
~
+
+++++−
=
q
qqqqq
qB (48d)
( ) ( )[ ]( ) 232
22
3
1~
2481~~64~74825125
~
+
++−+
=
q
qqq
qB
pi
( ) ( ) ( )[ ]
3
222
~
18~73~2322~4810250
q
qqq +−+++−
+
pi (48e)
( ) ( )[ ] ( )[ ]( ) 





+
+−++
−
++−
= 252
22
34 1~
1~~216~31616
~
2322162
9
5250
~
q
qqq
q
qB
pipipi (48f)
( ) ( )[ ]( ) 252
2
5
2~9
2~~~210800
~
+
++−+−
=
q
qqq
qB
pi (48g)
The expression (47) for the correlated kinetic energy is obviously more involved than its HF
counterpart, to which it reduces as ∞→q , i.e. as the Coulomb hole volume tends to zero:
2
3
20
2
3
9
3
2
s
HF
q r
tt
pi
==
∞→
(49)
The expression of the kinetic correlation energy HFc ttt −=  is obtained combining eqs. (47),
(48), and (49).
Considering now the two limiting cases, 0→sr  and ∞→sr , we have:
( )
s
rc r
qD
t
s
~
0
0 =→ (50)
and
( )
2
~
s
rc
r
qD
t
s
∞
∞→
= (51)
Both these asymptotic expressions are incorrect, since 0→srct  should diverge [27,28] like
srln− , and ∞→srct  should decay [29,30] like 
23−
sr . This is however not surprising, since the
approximation (26) to the 1-RDM is supposed to be valid at intermediate and large rs only,
whereas the CS correlation function is not well-suited for describing the long-range
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correlation. We can nevertheless expect an intermediate range of densities for which the
present approach gives reliable results. The function ( )qD ~0  has a simple expression:
( ) ( ) ( )( ) 27232
2231
2510
2~~
2~~4~36325
4
3
~
+
++−−
=


−=
qq
qqq
BBB
A
KqD
pipi
(52)
The expected limit, +∞→ct  as 0→sr , imposes the condition ( ) 0~0 >qD , which is verified
if *~~ qq > , with 7/23*~ =q . In terms of q, the critical value q* (above which the divergence
of ct  has the correct sign) is given by 57.1*~* ≈= qCq x .
Conversely, the expression of ( )qD ~
∞
 is rather involved. ( )qD ~
∞
 is a positive function
of  ˜ q  ( 0~ >q ) which has a maximum near 15.1~ =q , that is, near 12.1≈q . Thus, q should be
the closer possible to 1.12 in order to maximize ct  at large rs while it must remain at least
equal to q* for ensuring a correct sign to ct  when 0→sr . Thus, we shall hereafter consider
*qq =  for practical calculations. For such a value, ct  becomes almost equal to:
( ) 28440.49062.149475.11
1
ss
sc
rr
rt
++
= (53)
The results we have obtained for the kinetic energy of correlation using *qq =  and
the original CS value ( 29.2=q ) are compared with the quasi-exact results of Perdew and
Wang (PW) [31] in fig. 2. Although the correlation kinetic energies, computed by eq. (47)
with *qq = , show a correct behavior, they systematically underestimate the PW values. The
recovered kinetic energy of correlation is 95% at 5.0=sr  but falls under 39% for 5>sr  (see
table 1). As expected, our approach gives rise to satisfactory results at intermediate densities
but fails at both high and low densities.
Provided the model 1-RDM (26) is valid at large rs, the increasing discrepancies with
PW’s results should be due to the damping by the gaussian function in ( )12rf  rather than to
the gaussian approximation used for ( )sB HF  and subsequently for ( )21212 ,';, rrrrHFρ  in eq.
(45). In order to check this, we computed ( )0CorrB  by using the exact HF pair density or the
gaussian-approximated one. The relative differences were found to be less than 5% in the
range 0.01 < rs < 0.1 and less than 0.6 % for rs > 1; the error then continuously decreases as rs
increases. The fact that the agreement found in fig. 2 becomes poor at large rs indicates that
long-range correlation effects are not properly accounted for in eq. (32), as shown by Tao and
co-workers [32].
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As a final comment on fig. 2, we notice that the use of values of q greater than the
limiting value gives rise to increased discrepancies with respect to the PW results.
III.3 Total correlation energy
An expression for the total correlation energy per electron cε  can be derived from eq.
(47). This can be achieved by means of the following relation, valid for the homogeneous
electron gas [31]:
( )
s
cs
c
r
r
t ∂
ε∂
−= (54)
Integrating the expression of ct  and dividing by sr , one has:
( ) =qrsc ~,ε
( ) ( ) ( )[ ]{ }

 +−+−+−−
− 2
2
545
2
251 160060331604lnln2433
24
s
ssss
r
rBBArBArrBBB
A
K pipipipi
pi
( ) ( )[ ]







−




−
+−++−
+−−
+
−
2
5
4
2
54
5451
5234
2
51
3
16
948
320012061603
tan3848332
B
B
r
BBA
rrBrBAAB
BBBBBB
s
sss
pi
pi
pipi
pipipi
sr
C
+ (55)
where K, A, Bi , (i =1,...,5) are the constants and the functions of ˜ q  defined in the preceding
section, and C is the integration constant.
In order to determine the value of C, we proceed by analogy to the case of ct . Let us
first notice that, for *qq = , 043 251 =− BBB pi . Thus, for this particular value of q, the first
term in the curly brackets vanishes. The leading term of the remaining expression becomes
proportional to 1−sr  as 0→sr , and its sign depends on the value of C. In particular, this sign
is the correct one if:
897889.0* ≅< CC (56)
In the case of ct  the best value of q was found to be the limiting value q*. Thus, it
seems appropriate to make the analogous choice for cε  and to set *CC = . Notice that, for
these particular values of q and C, cε  reduces to:
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r 897889.0177037.3888270.4tan655868.0 1 ++−
=
−
ε (57)
Furthermore, both ct  and cε  tend to a finite value as 0→sr  and we have: 00 == −= ss rcrct ε .
The results we have obtained by eq. (57) are compared with those of the PW
expression in fig. 3. In the same figure, we have also reported the results obtained by using
the original CS correlation energy expression:
( )[ ] ( ){ } ( )∫ −= 21
12
2121221
2
21
1
,;,,2, rrrrrrrrrr dd
r
ffE HFc ρ (58)
which, for the homogeneous electron gas, gives the following energy per electron:
( )[ ] ( ){ } ( )∫ −= 12
12
1212
2
12
1
2
12 rd
r
rgrfrf HFc ρε (59)
We have computed eq. (59) with two different values of q: the original one ( 29.2=q ), and
the value proposed in the present paper ( *qq = ). Incidentally, we note that the calculations
have been done using either the HF pair-distribution or the gaussian ansatz: the differences in
the results are smaller than 2% in the range of values of sr  between 0.1 and 10 Bohrs.
As already reported in ref. [32], the original CS theory poorly accounts for the PW
correlation energy. Using *qq =  yields to a better approximation. However, the resulting
curve overestimates the one obtained by the expression proposed in the present work, which,
in turn, overestimates the PW one. For instance, at 3=sr  Bohrs, our model allows to recover
78% of the PW correlation energy, vs. 67% for the CS theory (with *qq = ). This
improvement may be attributed to the post IPA effects, which are partly taken into account in
the present approach, unlike the original CS work.
Finally, let us notice that the fact that q* is found to be smaller than the original CS
parameter shows that the Coulomb-hole is larger than predicted in the CS model, which
artificially compensates for the neglected kinetic component of the correlation energy.
IV Results for atoms and ions
Eq. (57) can be used as a local functional in DFT calculations. The corresponding
correlation potential vc , to be used in the Kohn and Sham equation, is derived from eqs. (57)
and (53) by means of the relation [33]:
ccc vt ε43 −= (60)
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We have performed self-consistent non-spin-polarized calculations for the lightest
atoms (till to 18=Z ) and for the rare gas atoms. The correlation energies that we have found
are reported in table 2 and compared with results of similar calculations performed using the
PW correlation functional [31]. In the same table are also reported the very accurate reference
values obtained by Davidson and Chakravorty [34] for He to Ar atoms, supplemented by the
values obtained by Clementi and Corongiu [35] for Kr and Xe. The latter are provided by the
so-called “Virial constrained effective hamiltonian method”, which is believed to give
excellent estimates for correlation energies of atoms [35].
It is well known that the LDA overestimates the correlation energies of atoms by a
factor of about 2. This is of course also the case of the PW expression. Not surprisingly Eq.
(55) improves this situation: the discrepancies with respect to the reference values are
considerably reduced, although they remain large. Furthermore, these discrepancies strongly
decrease with the increase of the atomic number. The percentage error is 124% for He,
approximately 50% for Ne and Ar, and reduces to 16% and 7% for Kr and Xe, respectively. It
is interesting to notice that the opposite trend is found by the original CS theory [36]. We
recall that CS optimized the q parameter in order to obtain the exact total energy of He.
Consequently, their approximation is very accurate for light atoms, and the errors do not
exceed 4% and 2% for Ne and Ar, respectively. Increasing the atomic number, however, their
approximation becomes progressively less accurate and the discrepancies with respect to the
reference values increase (leading to percentage error of 16% for Kr and 20% for Xe,
inasmuch as the estimated values for Kr and Xe can be considered as exact values). Finally,
the improvements that we have found with respect to the PW results, are essentially the
consequence of the fact that eq. (57) underestimates the absolute value of the correlation
energy of the homogeneous electron gas. For this reason, they can not be considered as
particularly significant.
It is much more interesting to look at quantities related to energy differences such as
the ionization potentials. In fact, it is known that, even if the errors on the LDA total energies
are quite large, the energy differences are, in many cases, very accurately obtained by this
approximation.
The calculated ionization potentials obtained by the present approach and the PW
implementation of the LDA are compared with the experimental data [37] in table 3. In order
to make a consistent comparison, we have added to the ionization potentials, calculated by our
method, the contributions due to the spin-polarization effects. The latter have been evaluated
performing both spin-polarized and non-spin-polarized PW calculations. As we have
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anticipated, the PW-LDA results are quite accurate and their errors are generally smaller than
4% (with only two exceptions). Nevertheless, our approach improves these results: with the
exception of Be and Al, the errors are smaller than 3% and, in several cases, they do not
exceed 1%. The average percentage error is 1.6%, to be compared with 2.4% for the PW
approximation. This improvement can be reasonably attributed to the fact that our
approximation largely neglects the long-range correlation of the homogeneous electron gas.
As the long-range correlation certainly affects atoms in a very different way than the
homogenous gas, the present approach probably avoids the inclusion of some spurious effects
in the description of such highly localized systems.
Conclusions
Aiming at partly correcting the drawbacks of the CS approximation extensively
discussed in the literature, we have proposed a modified approach based on a correlated 1-
RDM. Although approximate, the expression used for the 1-RDM includes effects beyond the
independent pair approximation and leads to correctly normalized one-electron densities.
Furthermore, the correlation kinetic energy, which is neglected in the original theory or
possibly accounted for by an artificial underestimation of the electron-electron correlation
potential energy, can be now coherently introduced in the theory. The application of the
proposed approximated 1-RDM to the case of the homogeneous gas has allowed the
derivation of an explicit expression of the correlation kinetic energy. The parameter q entering
in this expression has been obtained analytically by the comparison with the quasi-exact PW
results and the requirement of having the correct sign in the limit rs → 0. Inverting the usual
procedure, we have derived from the correlation kinetic energy the corresponding total
correlation expression. When compared with the PW results, both the correlation kinetic and
the total correlation energies show a satisfactory agreement at intermediate densities, but fail
in the two limiting cases, low and high densities. This drawback in the case of the
homogeneous gas results to be an advantage when the new expressions are used as a
modified-local-density approximation in atomic calculations: both the correlation energies
and the ionization potentials are strongly improved with respect to the corresponding results
obtained by the standard LDA approximation. This suggests that the proposed functional
could be also useful in molecular and solid-state calculations.
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Appendix
A closed-form expression of the 1-RDM can not be deduced from the wave function
given in eq. (21) owing to the presence of the factor ( )[ ]∏
<
−
ji
jif rr ,1 . Instead, one can
consider the related pair-wise correlated wave function:
( ) ( ) ( )


−= ∑
< ji
jiN
HF
N fxxxx rr ,1,...,,..., 11 ψψ (A1)
From this wave function, one can derive the following closed-form expression of the 1-RDM:
( ) ( )';'; 111111 rrrr HFρρ =
( ) ( ) ( ) ( )[ ] ( )∫ +−−+ 22121221212121 ,';,,',,',2 rrrrrrrrrrrrr dffff HFρ
( ) ( ) ( ) ( ) ( ) ( ) ( ){∫ +++−+ 21323221312132 ,',2,,2,',2,23 rrrrrrrrrrrrrr fffffff
( )[ ] } ( ) 323213213232 ,,';,,, rrrrrrrrrr ddf HFρ+
( ) ( ) ( ) ( )[∫ ++ 43214321 ,,',,12 rrrrrrrr ffff
( ) ( )] ( ) 4324321432144232 ,,,';,,,,,2 rrrrrrrrrrrrrrr dddff HFρ+
( ) ( ) ( )∫+ 5432543215432155432 ,,,,';,,,,,,30 rrrrrrrrrrrrrrrrrr ddddff HFρ (A2)
Retaining just the two first terms in the right hand member of this equation, and introducing a
normalization factor, one recovers eq. (26). The neglected terms involve an increasing number
of electrons. It is obvious, from their analytic expressions, that they can be considered
negligible excepted at high densities.
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Table 1. Correlation kinetic energies per electron calculated by eq. (53) and by the Perdew
and Wang expression.
rs PW Present Work
0.01 0.1595 0.0827
0.10 0.0918 0.0741
0.50 0.0511 0.0485
1.00 0.0367 0.0315
2.00 0.0246 0.0164
5.00 0.0124 0.0048
10.00 0.0066 0.0015
20.00 0.0032 0.0004
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Table 2.  Absolute values (in Hartrees) of the correlation energies of the lightest atoms and of
the rare gas atoms. The reference values are the very accurate results reported in Ref. [34]
completed, for Kr and Xe, by the results obtained by Clementi and Corongiu [35].
Present work PW Reference values
He 0.094 0.111 0.042
Li 0.130 0.150 0.045
Be 0.180 0.224 0.094
B 0.237 0.289 0.12
C 0.301 0.357 0.16
N 0.370 0.426 0.19
O 0.442 0.534 0.26
F 0.517 0.638 0.32
Ne 0.594 0.740 0.39
Na 0.641 0.800 0.40
Mg 0.697 0.887 0.44
Al 0.753 0.962 0.47
Si 0.815 1.037 0.51
P 0.881 1.112 0.54
S 0.951 1.220 0.61
Cl 1.023 1.323 0.67
Ar 1.097 1.423 0.73
Kr 2.397 3.268 2.07
Xe 3.683 5.178 3.43
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Table 3. Ionization potentials (in eV) of the lightest atoms and of the rare gas atoms. The
experimental values are taken from Ref. [37].  The values in parenthesis are the percentage
errors with respect to the experimental data.
___________________________________________________________________________
Present work PW Exp.
Li 5.26 (-2.4) 5.47 (1.5) 5.39
Be 8.81 (-5.5) 9.03 (-3.1) 9.32
B 8.36 (0.7) 8.58 (3.4) 8.30
C 11.55 (2.6) 11.76 (4.4) 11.26
N 14.77 (1.7) 14.99 (3.2) 14.53
O 13.66 (0.3) 13.90 (2.1) 13.62
F 17.81 (2.2) 18.06 (3.7) 17.42
Ne 21.92 (1.7) 22.18 (2.9) 21.56
Na 5.16 (0.4) 5.37 (4.5) 5.14
Mg 7.51 (-1.8) 7.73 (1.0) 7.65
Al 5.79 (-3.3) 6.00 (0.2) 5.99
Si 8.06 (-1.1) 8.27 (1.5) 8.15
P 10.32 (-1.6) 10.53 (0.4) 10.49
S 10.33 (-0.3) 10.55 (1.8) 10.36
Cl 13.03 (0.5) 13.25 (2.2) 12.97
Ar 15.71 (-0.3) 15.94 (1.1) 15.76
Kr 14.05 (0.4) 14.27 (1.9) 14.00
Xe 12.35 (1.8) 12.57 (3.6) 12.13
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Figure captions
Figure 1. Comparison of the Hartree-Fock autocorrelation function ( )sB HF  and its gaussian
approximation ( )sB HFG .
Figure 2. Comparison of the correlation kinetic energy of the homogeneous electron gas
calculated by various approximations.
Figure 3. Comparison of the total correlation energy of the homogeneous electron gas
calculated by various approximations.
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FIGURE 3
